Lecture 19: Numerical Linear Algebra, PageRank

cont’d
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gets stuck in dead ends)

0,1,0.0,0,0].
(Page 2 is a dead end!)
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Page Rank example — Final Google matrix

For a = 0.85, we have:

-1 1 37 1 1 1 7
40 6 120 40 40 40
9 1 37 1 1 1
20 6 12 40 40 40
9 1 1 1 1 1
20 6 40 40 40 40
1l 1 1 1 9 7
40 6 40 40 20 8
1 1 37 9 1 1
40 6 120 20 40 40
1 1 1 95 9 1
L 40 6 40 20 20 40 4

T <uwm © f ea.c'/- Column 1 T.
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PageRank So Far

e Introduced the simple “random surfer” model for ranking web pages

@ Began describing the random surfing process with a “Google matrix” of
transition probabilities.

Next up:
e Look at properties of the matrix M.
@ Explore how it’s used in the “actual” PageRank algorithm

e Review eigenvalues/vectors
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Example Review

1 1
Construct the google matrix M = a(P + Eeaﬂ) + (1 — a)EeeT for the small
1
web shown here, using a = 3’ and R = 6 pages.
Recall:
.
— iflinkj — i exists
Pij =4 deg(j) g
\ 0, otherwise

q = 1, ifdeg(i) =0
‘ 0, otherwise

e=[111,..,1]7
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Some Useful Properties of M

The entries of M satisty 0 < M;; < 1.

Each column of M sums to 1.

R
> My;=1
1=1

Interpretation: if we are on a webpage, probability of being on some
webpage after a transition is 1. (i.e., we can’t just disappear).
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Markov Transition Matrices

The google matrix M is an example of a Markov matrix.

We define a Markov matrix () by the two properties we just saw:

0< @ <1
and
R
2 Qu=1
i=1
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Probability Vector

Now, define a probability vector as a vector g such that

and

R
Z%‘ =1
=il

If the “surfer” starts at a random page with equal probabilities, this can be

represented by a probability vector, where p; = o

\C o Surber stords> ot P‘(\je 1, Ao e
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Evolving The Probability Vector

Su?u-scrzpt on P inoli cuben
nmber OF Yunsttions  talen.

Now we have: j

o the probability vector describing the initial state, p°.

@ a Markov matrix M describing the transition probabilities among
pages.

Their product Mp° tells us the probabilities of our surfer being at each page
after one transition.

Likewise, for any step n, next step probabilities are, p”Tt = Mp™.
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Evolving The Probability Vector: Example #1

p’ =[1,0,0,0]". (We're definitely starting on page 1.)

1/3 0 0 1/2]

N 10 12 0 0

If we had a google/transition matrix M = 1/3 1/2 0 0
/3 0 1 1/2

Then after one step, what is p' = Mp? And what does it mean?

© 1 11 g
He - pl — |:3707 :|

Approximately 33% chance of being at page 1, 3, or 4 after one step, starting
from page 1.
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Evolving The Probability Vector: Example #2

T
1 1
p’ = [2, 0, 37 O} . (We’re on page 1 or 3 with probability 0.5 each.)

(1/3 0 0 1/2]
, 10 1/2 0 O
If we have same matrix M = 1/3 1/2 0 0|
_1/3 0 1 1/2_ =
then after one step, what is p*? l R , [\'
| . T o © 2 7 =1 | :’ Swm oF tle
P = HP = © lia © © ° Co lumn ‘-‘--'[
e °  ° i [ = .m
s o [ I/ il o J /6

OLP €15 Sy P s & pababity  vechn
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Preserving a Probability Vector

If p™ is a probability vector, is p" Tt = Mp™ also a probability vector?

(ie. Do we have: 0 < p™' <1 and Zp"’“

Yes! First, why non-negative?

We have p”le > (0, since it is just sums & products of probabilities > 0.
J

———
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Preserving a Probability Vector

ph+ '— HPM . (IUL\CY‘{ H S G HOL'r kOV W\O\tﬂx .

(Leorc;-«é:j S‘*’"’"’"ﬁw F H(J. = \

We can also show Z ptt =1, as follows: ] clumn (M= »\
’ { f__y Slrce P

n+1 n n n Wes a
2P = D0 My ZZ(PJ' ZM@) =2 r Tl probabilit
i v J i J
(\“(/\/ VCdZ%’
To be a probability| vector, also need pf’f“ < 1?7 Why is this true?
Ths sa- is  also T,

b A‘(,C)n of W\aidx/\/e.&tor Mmlf\LP]j an PV\ L o
pro b&'o(lféj vector-

N4\
— P

) a Prbbqb'l | b Vector.
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Page Rank idea

Finally, Page Rank asks:

With what probability does our surfer end up at each page after many

]. )
steps, starting from p° = Ee? Afler s%c?s Ce OJ*Q Y

M... CM( NP ) = N P stede
i.e., What is p® = lim (]\4)1165;\J
koo EXPoMmi‘ ( hot &CP ‘V‘JU()

Higher probability in p™° wvector implies greater importance.

Then we can rank the pages by this importance measure.
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Page Rank algorithm summary

@ Given a graph of a network, compute a corresponding GGoogle transition
(Markov) matrix...

1 1
M = a(P + RedT> + (1 — oz)ﬁeeT

© Repeatedly evolve a probability vector p* via p" ™t = Mp™ towards a
steady state, approximating a “random surfer”.

@ The site with the highest probability of being visited is considered most
important /influential.
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Page Rank Example - Results

1
Starting from p® = Ee, repeated multiplication by M gives a sequence of

probability vectors, eventually settling down.

Page # Ranking

[ 0.16667 1 [ 0.09583 7 [ 0.08245 1 [ 0.06776 C0.05205¢\ 1 6
0.16667 0.16666 0.12318 0.10280 0.07423¢)| 2 4
0.16667 0.11944 0.08934 0.07749 0.0578%\/|3 5
0.16667 | | 0.26111 | | 0.28118 | | 0.32051 | > 0.34797 \‘ 4 1
0.16667 0.16666 0.19342 0.18726 0.19975 ||| 5 .3

| 0.16667 | | 0.19027 | | 0.23041 | | 0.24415 026810 Jf] 6 2

p° pLMpO P’;szo P?'" M3p° P = M10p0

For earlier example, the pages are ranked as: 4,6, 9,2, 3,1 based on these final

probabilities.
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(Questions to Ponder...

e Do we actually know if it will settle (converge) to a fixed final result?

e If yes, then how long will it take? Roughly how many iterations are
needed before we can stop?

e Can we implement this efficiently (e.g. for very large networks?)
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Making Page Rank Efficient

A naive implementation of Page Rank involves repeatedly multiplying massive
matrices with dimensions > 1billion x 1billion.

How can we apply/implement this in a way that is computationally feasible?

We’ll exploit (1) precomputation and (2) sparsity.
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First step: Precomputation

GO gle pizza pajamas A Q
The ranking VeCtOI' poo can All Images Shopping Maps Videos More Settings Tools

be precomputed once and = |
. o pj salvage G’ xhilaration Justice @ cheese ,’%.’\ pepperoni ' onesie
stored, independent of any |

specific query. To later

search for a keyword, e.g.,
“pizza pajamas”, Google
finds only the subset of
pages matching the
keyword(s), and ranks
those by their values in the
(precomputed) p°.

Pizza Onesie

Pizza Party Flannel Pajamas Pizza Pajamas ajamas, pizza, onesie - W Pizza Party Flannel Pajama
Y J ) Paj p y ]

Munki Munki Pajamas | Pizza Midnight Snack Pizza Paja Pizza Invasion Adult Jumpsuit - Jasper Pajamas | Pepperoni Pizz
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Second Step: Sparsity

In numerical linear algebra, we often

Non-zero
deal with two kinds of matrices. entries
(blue) in a
: nse
Dense: Most or all entries are dens
. matrix.
non-zero. Store in an N x [N array,
manipulate “normally”. -
0 n —
. 10 . "‘ ’ “'
Sparse: Most entries are zero. Use a B PO
“sparse” data structure to save space U o \
. . ) P Ll L L on-zeros
(and time). Prefer algorithms that Y e . sparse
. «© . 99 . . . 60l .o ” ]
avoid “destroying” sparsity (i.e., filling | o e b matrix
in zero entries). o, L., ‘e
90+ o . *
100' * - . . e »
0 20 40 60 80 100
nz =100
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Sparse Matrix-Vector multiplication

Multiplying a sparse matrix with a vector can be done efficiently!
G}\E Mull‘t'p'ffat\'on
= &

Only non-zero matrix entries are ever accessed /used.
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Second Step: Exploiting Sparsity

To implement Page Rank efficiently, it is crucial to exploit sparsity.
Sadly, our google matrix M was fully dense. No zeros at all!

A dense matrix-vector multiply with 1,000, 000,000° entries is
s100000000000000000000...0000000000000000000000OW.

The trick: Use linear algebra manipulations to perform the main iteration
pn-l—l _ Mpn

without ever creating/storing M!
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Exploiting Sparsity in M

We  have Mo & (P 4 ded' )y =0 ee’

SPMSt, not all P?jao Ol ]1'"\ k—‘:Cl {'“(j eilwzr C“K”) Ao\Se
C OV\SiJ{X‘ CGN-PV\*;G

T n T n
h n Cl-4A)
H() = fp + O:L Qc) P 7 ce e
n (R) ()

Ouch()vd: PM-\ O (0 V'C(.l‘or‘ , an J a
(VY > a 5()%6 medng _ Vector "mu l-l;"o\d Kk an be
dore Q@l'C\'eviéj :
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Algorithm

Given this efficient /sparse iteration, loop until the max change in probability
vector per step is small (< tol) — easy!

Page Rank Algorithm

p’=e/R

For k =1, ..., until converged
p" = Mp*~! (7.7.1)
If max |[p"]; — [P"'];| < tol then quit

EndFor
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Google Search: Other Factors

Page Rank can be “tweaked” to incorporate other (commercial?) factors.

1l — «

Replace standard teleportation ee! with (1 — a)ve’, where a special

probability vector v places extra weight on whatever sites you like.

In modern search engines, many factors besides pure link-based ranking can
come into play.

(Hence, Search Engine Optimization (SEQO) is a lucrative business.)
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Convergence of Page Rank

Remaining questions:

e How can we be sure that Page Rank will ever “settle down” to a fixed
probability vector?

e If it does, how many iterations will it take?

We will need some additional facts about Markov matrices, involving
eigenvalues and eigenvectors.
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Review: Eigenvalues and Eigenvectors

Recall from linear algebra:

An eigenvalue A and corresponding eigenvector x of a matrix () are a scalar
and non-zero vector, respectively, which satisfy

QX = Ax.
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Review: Eigenvalues and Eigenvectors

Equivalently, this can be written
Qx = A\Ix
where [ is the identity matrix.

Rearranging gives
(M —-Q)x=0

which implies that the matrix A\l — ) must be singular for A and x to be an
eigenvalue/eigenvector pair, since we want x £ 0.
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Quick Review: Eigenvalues and Eigenvectors

A singular matrix A satisfies det A = 0.

Thus to find the eigenvalues A of (), we can solve the characteristic
polynomial given by

det(A\l — Q) =0

Find the eigenvalues/eigenvectors of E _21]
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