SE 212 Fall 2022
Summary of Set Theory

1 Axioms

Types as sets (if 3z e 2 € B)
Vx: BeP(x) & Vrexe B= Px)
Jr:BeP(x) < dJrxexec BAP(zx)

Set Comprehension

ze{y:S|Ply)} < ze€SAP(x)

x € {t(a,b,...)ea:S,b:R,...| P(a,b,...)}
=
Jda,b,...ea € SAbERAN... Nz =1(a,b,...

Empty Set
Vo e —(x € 0)

Universal Set
Vrex ecU

Set Equality
D=B& (VrexeDeuxeB)

Subset
DCB& (VrexeD=uzeB)

YA P(a,b,...

e Proper Subset
DcB&DCBA-(D=B)

e Power Set
P(D) = {B | B C D}

e Set Union
DuB={z|zeDVzecB}

Set Intersection
DNnB={z|xze DAz c B}

) °

e Absolute Complement
compl(A) ={z | -(xz € A)}
(difference from the universal set)

o Set Difference
D—-B={xz|zeDA~(zxeB)}
(relative Complement)

e Set Product
DxB={(d,b)|de DANbe B}

Note that if we have x € D, we can expand the definition of D and apply the set comprehension axiom in one step.

Relations

e Domain

dom(R) = {z | Jy e (z,y) € R}

e Range
ran(R) = {y | 3z e (z,y) € R}

e Inverse

R~ ={(b,a) | (a,b) € R}

e Identity
id(A) = {(a,a) | a € A}
id(A) = {(a,b) lac ANbE AN (a=0b)}

e Relational Image
R(S)={y|3xe(x,y) € RAx €S}

Domain Restriction

SaR={(a,b) | (a,b) € RAae S}

Domain Subtraction
S<R={(a,b)| (a,b) e RA=(a €8}

Range Restriction
R>S ={(a,b) | (a,b) e RAbE S}

Range Subtraction
Re S ={(a,b) | (a,b) € RA-(b € S)}

Relational Overriding
R3S = (dom(S)<R)US

R3S ={(a,b) ]| (a,b) € RA—(a € dom(S)) V (a,b) € S}

e Relational Composition (where R: D + B,S: B + C)

SoR=R;S={(a,c) | Fbe(a,b) € RA (bc) €S}

Name \ Notation H Name \ Notation

Relation R:D+ B
Total Fen f:D—B Non-total Fen f:D-+»B
Total Injective (1-to-1) Fen | f: D — B || Non-total Injective (1-to-1) Fen | f: D = B
Total Surjective (onto) Fen | f: D — B || Non-total Surjective (onto) Fen | f: D - B
Total Bijective Fcn f:D—~B Non-total Bijective Fen f:D—~»B
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e The empty subset is a subset of every set.

Derived Laws

0CD

Every set is a subset of itself.
DCD

Subset is transitive.
DCBABCC=DCC

Power Set
SePQ)e (VrexeS=xeQ)

Set Equality Properties

A=A

(D=B) & DCBABCD
Commutative

DNnB=BND
DUB=BUD

Associative
(DNB)NC=DnN(BNC)
(DUB)UC=DU((BUC)
Distributive
(DuB)NC=(DNC)U(BNC)
(DNB)UC=(DuC)Nn(BUC)

Complement Laws

compl(D N B) = compl(D) U compl(B)
compl(D U B) = compl(D) N compl(B)
compl(compl(D)) = D

Empty Set Identities

Universal Set Identities
DNU=D

DuU=U

D-U=10

U — D = compl(D)
compl(U) =0

U = D U compl(D)

Intersection is Subset
DNBCD

Subset of Union
DCDUB

e Domain Properties (S,T: D < B)

dom(S) C D
dom (SUT) = dom(S) U dom(T)
dom (SNT) C dom(S)Ndom(T)

Range Properties (S,T: D < B)

ran(S) C B
ran (SUT) =ran(S) Uran(T)
ran (SNT) Cran(S) Nran(T)

Inverse Properties
(R™)™ =R

dom (R™) = ran(R)
ran (R™) = dom(R)

Relational Composition Properties

(R:D+< B,S:B+~C,T:C+ D)
R;(S;T)=(R;S);T (ToS)oR=To(SoR)
(R;S)~ =S~ R~

id(dom(R)) C R; R™

id(ran(R)) C R™; R

(id(D);R=R

R;(id(B)) =R

Relational Image Properties (R: X < Y, D, B : X)

R(DUB) = R(DJ) U k(B
R(DNBJ) € R(D) N R(B)
R(dom (R)|) = ran (R)

Domain Restriction Properties (R: X < Y, D, B : X)

D<«(B<aR)=(DNB)<R
D« (B<R)=(DUB)<R
(D<R)U(D<R)=R

Range Restriction Properties (R: X <+ Y, D, B:Y)

(R>D)>B=Rp>(DNB)
(R#D)pB=R»(DUB)
(ReD)U(R»D)=R

Relational Overriding Properties (R, S,T: X + Y)

R®R=R
Ro(SoT)=(RpS)®T



